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Entropy Production per Site in (Nonreversible)
Spin-Flip Processes
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Entropy production per site in a (nonreversible) spin-flip process is studied.
We give it a useful expression, from which a property stronger than affinity
of the entropy production per site follows. Furthermore, quasi-invariance of
nonequilibrium measures in the spin-flip processes is discussed via entropy
production.
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1. INTRODUCTION

In 1971 Holley'” proved a version of the well-known H-theorem of
Boltzmann for infinite spin systems called stochastic Ising models, which
are spin-flip processes with reversible Gibbs measures. After this result,
similar ones were obtained for various stochastic reversible systems by
many authors.'** Common features among them are the following. The
system under consideration is reversible with respect to Gibbs measures for
some potential. The specific free energy associated with the potential
defines the H-function. That is, letting F(-) be the specific free energy func-
tional and y, be the distribution of the process at time #, one can show that
F(y,) is nonincreasing in ¢.

This kind of result was extended by Kiinsch'® to nonreversible
systems with stationary measures having certain regularity properties. As
will be seen later, all the results also can be restated as nonpositivity of the
time derivative of the relative entropy with respect to the stationary
measure. The "quantity which we call entropy production is the one
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obtained from the derivative by changing only its sign. The main purpose
of this paper is to find an identification for the thermodynamic limit of the
entropy production. It will turn out that the functional obtained as the
limit measures, in some sense, how the state is far from (or close to) equi-
librium of the system.

We discuss a spin system on Z9 the d-dimensional integer lattice. Set
E={-1, l}z", whose elements are denoted by 1 = (1,; k € Z¢). We will use
the notations E,={—1,1}" and #,=0(n; ked) for' A=Z" The
spin-flip process we consider is the Markov process on E with the (pre-)
generator of the form

LI =Y cdumVifn),  Vifln)=fren)—fn) (1.1)
kezd
where 7, is the shift by k, ie., (t,#);,=n,,, and y,n denotes the configura-
tion whose spins coincide with » except at k, at which site the spin is — .
The function ¢ -1, is simply denoted by ¢,. We assume that the jump rate
¢ is a strictly positive continuous function such that

(z nvocknx:) T Vel <o (12)

kezd kezd

Our argument will be crucially based on the existence of a stationary
measure with the following properties due to Kiinsch.®’ Let v be a station-
ary measure of the process associated with .#. Throughout this paper, we
suppoe that its local conditional distributions defined as

pHm) = v, =i | Fia o)) (1.3)

are strictly positive continuous functions such that p*(57) = po(t,) (shift
invariance) and

2 Ve p°llo, < o0 (1.4)
k

Under these conditions it is shown in ref. 8 that p* are actually determined
by the equation

Y Voler— &) =0 with  &,(m) = ci(yett) pPX(rem)/p*(n) (1.5)
P

We shall use the notation ¢ instead of é, so that ¢, =¢é»1,. It should be
noted that the stationary measure v is trivially a Gibbs measure for the
local specification {p"} given by

pYmy=vw,=n., Yke V| FNn) (1.6)
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where V are finite sets in Z. Each p" is also a strictly positive continuous
function on E. See ref. 10 for a detailed account of the local specifications
and of the associated Gibbs measures.

We now define two functionals of probability measures on E, relative
entropy and entropy production. For two given probability measures 4 and
/A on a measurable space, the relative entropy of u with respect to 1 is
defined by

EX[log{du/di)] if u<l

) 1.7
00 otherwise (1.7

h(u, A)= {

where E“[ -] denotes the expectation with respect to u. Let .#(E) be the
totality of Borel probability measures on E and set

My E) = {ue #(E); uis shift invariant}

Here u € .#(E) is said to be shift invariant if g =puot, "' for all ke Z% Set

h(pe, vy :=hiul z,,v| 7)) = E* [log d—'l: ] (1.8)

for e .#M(E) and A = Z“, where du/dv| 5 denotes the density of u| 5, with
respect to v| ;. In the case when p* are of the Gibbsian form

PE(rem)/p*(n) =exp <2 Al 77,-> (1.9)

Vak ieV

with a shift invariant potential {J,} satisfying ¥ ,_ o |/, | < oo, the free
energy F ,(u) (discussed in ref 7) in A is shown to be related to /s (u, v) in
the following fashion:

F(u)=h,(u,v)—P,+o(|4]) as AVZY (1.10)

where P, are constants for which lim |4| ' P, (called the pressure of the
potential {J,}) exists. In (1.10) and in what follows, 4 1 Z¢ means that A
runs over hypercubes with center 0 and |A4| denotes the cardinality of A.
The relation (1.10) implies that, up to the smaller order term in the
volume, the ‘time derivative’ of the free energy coincides with that of the
relative entropy. The meaning of ‘time derivative’ is made clear in the next
definition of entropy production. Given u e .#(E) and bounded A = Z“, we
define entropy production in 4 by

dy

d
o u):= —Eh/,(,u,, V), _o=E* [(—,5,”) Iogﬁ ] (1.11)
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where 1, is the distribution of the process at time ¢ with the initial measure
4. See Lemma 2.2 below for a detailed account and for the proof of the last
equality, where the convention 0log 0 =0 is implicitly used.

By setting

1
=lim inf — .
o(u) I%{} |A|""(") (1.12)

some of the main results obtained by Kiinsch,’® which are extensions of
Holley’s,'” are described as follows.

Theorem.® If the local conditional distributions of the Gibbsian
form (1.9) satisfy Eq. (1.5) and >, |V,.é||.. < oo, then:

1. o(u) is nonnegative for all ue #(E).
2. For ue #,(FE), liminf in (1.12) can be actually replaced by lim.

3. On M,(E), ao(u) is lower semicontinuous in g, and takes value 0
if and only if x is a Gibbs measure for {J,}.

We note that the Gibbsian specification (1.9) satisfies both (1.4) and
2k Vil o <0 if 3y [V]- [Ty ] <00,

In the rest of this paper we are only concerned with measures u in
My(E). We will show the existence of lim 4| ' o (u)=: o(u) without
Gibbsian form of the local conditional distributions. Further, the main pur-
pose of this paper is to study o(-) as a functional on .#,(FE), and in this
situation we call a(u) the entropy production per site of u associated with
the spin-flip process. We now state our main result.

Theorem 1. Let u be in .4,(E). Then lim |A4| =" 6 (1) =: o(u) exists
and

o(u)=E“[c] M, ufoy5") (1.13)

where u*e #(E) (x=c or ¢) is given by du*= E*[a] " a du. In addition,
if (1) < co0, then

L(—.,.ff)logd—“} *E“[c(-)
dv #

Sl
S (1.14)
|

log ———
duoyg!

in L'(u) as 41 Z where .# denotes the shift-invariant o-field on E.

The convergence (1.14) can be regarded as the one behind the exist-
ence of the thermodynamic limit of |4| ™' g (u). We should note that a
similar quantity to the right-hand side of (1.13) appeared in ref. 12 for a
general reversible process, but was not identified with the associated
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entropy production per site. Our identity (1.13) is useful for deriving
properties of o(-) itselfl For example, it gives the following, which
immediately implies that o is affine on .#,(E).

Corollary 2. Let 7 denote the tail o-field on E and £ be as in
Theorem 1. Then there exists a  n .#-measurable function ¢*: E— [0, 0]
such that

o(p)=E*[d*] forall ue #,E) (1.15)

Proofs of Theorem 1 and Corollary 2 are given in Section 2.

Next we state a quasi-invariance result obtained as another corollary
to Theorem 1. To do this, let us introduce the notion of quasi-invariance.
Given A < Z“, consider the mapping y , on E defined by

-, if ied

7, if i¢A (1.16)

(7A’7)i={

This is called the modification in A. Let I' denote the family of finite
modifications; I'={y ,; |4| < oo}, or equivalently I' is the group of map-
pings generated by {y,; i€ Z9}. We say that € .#(E) is I'-quasi-invariant
if 4 and oy~ are equivalent for all yeI'. It is easy to see that any Gibbs
measure for an arbitrary absolutely summable potential is I-quasi-
invariant. The next result concerns this property in the nonequilibrium
situation.

Corollary 3. Suppose that the initial measure u of the spin-flip
process is shift invariant and let x, be the distribution of the process at
time ¢. Then:

(i) For a.a. t>0, i, is I'-quasi-invariant.

(ii)) For all 1> 0, the time-averaged measure ' j{, U, ds 1s I'-quasi-
invariant.

We shall prove this and discuss I~quasi-invariance in more detail in
Section 3. Note that in view of the results of Sullivan,''? the quasi-
invariance property of nonequilibrium measures like Corollary 3 could be
seen for more general infinite systems. The associated quasi-invariance
there would be determined by the dynamics. For instance, consider so-
called stochastic lattice gases. These are particle systems in E’:= {0, 1} %’
with conservation law for the ‘particle number.’ Under suitable assump-
tions, the quasi-invariance in this context is described in terms of the



560 Handa

family 77 of mappings on E' generated by {n;; i,jeZ“}, where n; is

defined by

ij

1 if k=i
(myn)e =< ;i if k=j
i if k#iandk+#j

In the reversible case, this assertion can be proved by similar arguments to
those given in the following sections for our spin-flip process. Indeed, a ver-
sion of Theorem 1 holds true as is stated in the following. Consider the
Markov process in E’ governed by the generator

Gy =Y clif, MV fn),  Vflp)=flmn) —f(n)

U

where ij stands for a two-point set {i,j} in Z“ Suppose that the family
{e(ij, -)} ; satisfies the conditions (i)—(iii) of ref. 4, p. 78. We also suppose
that ¢(0i, - ) =0 except for finite number of i’s, for which ¢(0i, -) are strictly
positive continuous functions. If the process associated with % is reversible
with respect to a Gibbs measure for a shift-invariant potential {J,} with
S a0y <o, ie., for each ijc Z9,

c(ij,17)exp<— Z JVH’]A—)

Vij# & kel

=c(ij, ny’?)CXp<“ Z Jy n (7Tfj’7)k> (L17)
Vnij+ @ kel

then the entropy production per site associated with this process exists for

all e 4(E') and is expressed as

30 Ef[e(0d, )] A(ueOR, y O g oty (1.18)
ie(0i, )y >0
The first half of the above assertion is essentially implied by Remark (3.41)
of ref. 4.
We finally remark that, without the reversibility (1.17), Spohn‘!"
studied stationary measures of the process associated with %. He used the
entropy production method and obtained analogous results to Kiinsch’s.®

2. PROOF OF THEOREM 1

In this section we shall give the proof of Theorem 1 after giving a
series of lemmas. Throughout this section the following notations are used.
Let k € Z¢. The configuration y.# is simply denoted by #*. The cylinder set
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determined by #€ E, or the restriction of #€ E on a A < Z“ is written as
[n] or [#],, respectively. Thus

[7]={weE; w,=n, ked} for nekE,
(7] i={weE, w,=n,,keA} for nekE
Our first task is to look for a uniform bound of the local specifications p.

Lemma 2.1. There exists a constant C, € (0, co) such that

e~ MM inf p(n) (2.1)

nekE

for all bounded A< Z°.

Proof. Fix a bounded A = Z¢ and an # € E. By the definition (1.6) of
the local specification, for ke 4 and we E

@)  po)

P@h) P @) (22)

Take an arbitrary w e [#] 4~ Then there exists {k,,.., ky} =4 with N < |A|
such that n=y;,° --- o y,,0. So

p'(n)
‘10 pHo)

N
<Y sup |logp¥i(&) —log p“i(&")

j=1<&elnla

SN Vo log p°ll.. <14 - [V log p°l...

This implies the inequality
p(n) = p*(w) exp(—14] - |V log p°Il...)
Summing up both sides over we[#] 4, we have
2Mp(n) = exp(—14] - % log p°ll...)

This proves that (2.1) is valid with C,=log 2+ ||V, log p°||... |

By Lemma 2.1, we see that v([#])>0 for all ye E, and bounded
AcZ So, given ue #(E), the local density ¢, of u|,, with respect to
v| z, 1s defined for all bounded 4 < Z9. We can regard it as not only a func-
tion of # € E, but also a function of y€ E ;. In terms of this density, a more
explicit expression for the entropy production o, than (1.11) is given as
follows.
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Lemma 2.2. For a ue.#(E) and a bounded A4 < Z¢,

o)=Y, ZJ e du - {log ¢ (n) —log ¢ (")}

kea nekE; (2]

=E“[(—%)log ¢ ,] (2.3)

where the convention 0 log 0 =0 is used, so that the right-hand side of (2.3)
takes value oo if and only if both ¢ ,() >0 and ¢ ,(7*) =0 hold for some
keAdand yeE,.

Proof. The proof is essentially the same as that given in ref. 4, and
involves standard calculations based on the forward equation of the pro-
cess associated with .. We omit it. ||

As in Theorem 1, we use the notation du*:= E*[a] ' adu (x=c or
¢). Note that these two normalizing constants are equal if u is shift
invariant. Indeed, we have the following result.

Lemma 2.3. If ue #)(E), then E“{c] =E*[¢].

This lemma is a consequence of the relation (1.5). Although it has
been essentially proved in ref 8 (Theorem 4.1), we shall give the proof for
the reader’s convenience.

Proof of Lemma 2.3. Let A < Z“ be bounded and 5 € E be fixed. Set
@ 4=2keq(Ce— &) Using the definition (1.5) of é, and (2.2), one can
easily show that

Y @) plw)=0 (2.4)
we gl
so that
inf ¢ (0)<0< sup ¢ (o) (2.5)
we[n)ye we 7l

Let ' and w” € [n] . satisfy

sup @ 4(w) =9 ('), nf ¢ (@)=¢ (") (2.6)
wenle we 7]
respectively. Then

sup | (o) <@ (@) =@ (0") < Z Ve o4l o

we[nle keA

<Y X UVl o +1Viéill )

ked i¢A
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Here, the first inequality and the third one follow from (2.5) and (1.5),
respectively, and the rightmost side is of o(|4]) as 4 1 Z¢ by the assumption
(1.2) and X, | Vi é| ., < o0, which is proved by showing

2

PO°Y0 -

(1]

Vil o < 1 Vicell . +2 el 12°05 1% Pl

9

p()

o

and then using (1.2) and (1.4).
Now, use the shift invariance of ¢ to show

(A] x |E*[c]— E*[¢]]
=|E[ o, ]l <sup | 0) =@ 0-n)|+ sup [@,(w)

wekE we[nlie

where -7 is defined as

w; if ieA

(w.”)':{n,- if ied*

It remains to show that the first term in the rightmost side is also of o(|A]|).
But this is a consequence of the continuity of ¢ —¢é. In fact, it is easy to
prove that for all continuous functions f on F

Y. sup |fil@) = filw - m)| =o(|4])

ked wWEE
as ATZY where f,=f-1,. |

The next lemma shows that the generalization of the Shannon-
McMillan theorem can be applied to find the thermodynamic limit of the
integrand in (1.11). Given A <Z“ and keZ let A —k={i—k;ie A}.

Lemma 2.4. Let x be in .#,(E) and A = Z¢ be bounded. Suppose
that o ,(x) < oo. Then u-almost surely it holds that

du*
(=L)logd =, c(rumlog ———;|  (mun)+Ry(n) (27)
ked - ° Yo Fa—k
with R () =o0(|4|) uniformly in #€ E and ue .#,E) as A1 Z".

Proof. For notational simplicity, set

J[ ] oy d for nekFE

nl.

o A1) = 1 (x=coré)
j oy dit for nekE,
[n]
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Fix an 5 e E such that u([#],) >0. Observe from Lemma 2.3 that

du©
dutoyg

1

_ (w) = e alm)e 4(n") (28)

F -k

which is well defined for all ke A4 by the assumption o ,(u) <co and
Lemma 2.2. Put

W
duteyg!

Vs

Fr

when it is well defined for a V<=Z“ Using (2.8) and c,(5)p*(n)=
&) pF(n*), we obtain

R (m=(—L)logd () — Y. clren)logy _ultin)

ke
w([nl4) w([7*]4) v([n].4) }
= 1 —1 —1
2, el { o8 ) Zent)  EWIAEL)
cxlm) 1([11.4) &™)y p([n*] )
- ) 41 1
Z, C(”"){"g Cam) T )
_ "(['7],,)11"('7")}
v([n*1.4) p*(n)

The following bounds are easy to show:

log i) u(Lnla) < sup |log (@) —log cu(n)]
C (1) welnly
&) ("1 4)
’log | < sup |log élw)—log & (n")l
Cr. A117) are(g*],

On the other hand, by (2.2),

AURD)

7l =J v(dw) p(n-w)= J v(dw) p”(n*- w)p"'(ly" o)

where 5 -w e E is given by

n; if ied

W; if ieAc

H

(’7'(0);'_—{
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Hence one can get

vilnla)p '7 “) « X
——————— < sup |lo w}—log p(
W10 2 we[sl‘l g P g (|

+ sup |log p*(w)—log p*(5*)]

we 7]

The above three estimates and the continuity of log ¢ and log p° together
complete the proof of Lemma 2.4, since the following is true for an
arbitrary continuous function f on E:

Y. sup{lfil@)—filn)|; 0, neE, w| ,=n|,,} =o(|4])

ke
as A1Z7 where f, =f-1.. |}

Denote by & 4(u) the u-expectation of the summation in the right-hand
side of (2.7) if o (1t} < oo. Otherwise set & () = oo. It is important to note
that & 4(u) essentially contributes to the existence of the thermodynamic
limit of |4| ' ¢ 4(ae) as follows.

Lemma 2.5. Fix a pe.#4,(FE). Then A—&,(u)e[0, ] is super-
additive, namely
G (1) + G4 1t) G 4y ar(at) (2.9)

holds for bounded A,, A,<Z“ such that 4,nA4,=. In particular,
o(u)=lim [4]| ' o (u) € [0, oo ] exists and

1 |
o()=lim — G ,(u)= su G (u) (2.10)
/ITZ‘/ IAI A:culzc |A| 4

Proof. From (2.7) and E“[c] = E*[¢], it is not difficult to observe
that for all bounded A = Z“,

Gal)=E"[c] X hs_slp 1foy5")20 (2.11)
ked
This implies that

Gaonltty=E*[c] Y hy_lu uSopg VHE[c] X ha_iuS ufops)

ke ke A

ZE[e] Y ha g uwforg YV ELC] Y hap_ilpl ufore ")

ked ke

= &/h(:u) + &Ag(:u)
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whenever 4, n A, = . With the help of Lemma 2.4, the second assertion is
proved by standard argument. [ See, for instance, ref. 5, Lemma (15.11).7 [

We now state a generalization of Perez’s theorem given by Fritz'® in

a special form that is suitable for our purpose.

Lemma 2.6 (Perez, Fritz). Let u;e #(E) (i=1,2) and let o be
the family of bounded sets of Z<. If

sup hp(uy, fa) <o (2.12)
Ve
then u, <€ u,,
hiiey, p5) = sup hy(uy, 1s) (2.13)
Veo

and
s

in L'(u,) as V-Z4
du,

e/
log ﬂ’ - log
dus| 5
in the sense that for each ¢ >0 there exists a V,e .« such that

iy

2

EA Ilog

d
—log ﬂ‘ <eg whenever VoV,
dpt,

F)-
As an application of this lemma we now prove Theorem 1.

Proof of Theorem 1. Suppose that i e .#)(E) is given. It is obvious
by (2.11) that

G.4(1) <Al E*Le] s, 5oy ")
and so by Lemma 2.5
o(u) <SE*[c] Mu, ufoy5") (2.14)

which implies that h(yu¢, #%=y; ') = co whenever o(zt) = 00. In the rest of the
proof we assume that o(i) < oo. We need to verify that the condition (2.12)
holds with i, =u, u, =u’-y;"'. For each Ve .o/,

. 1 .

11 ( ‘45 t‘. o . ) { l m } /1 (" l(' 2 9 ]
V(s 1o g ATZ'IAIkeA,.Zk:V (s 1 opg )
< lim su h o, 1t

ATZJPI EA PEVIATS P
t —1 1 -1
=E*[c] llm — () =E[¢]7 ou)

At Z |A|
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and hence

sup hy(uS, 1o ys VS E*[c] ™! o(u) < 0

Veo

Combining this with (2.13) and (2.14), we obtain the first assertion of
Theorem 1,

o(u)=E“[c] hus, ufop5")
Set, as in the proof of Lemma 2.4,

d [ d ¢
= ‘L—l and H
du‘ =y,

F, _d/‘é"yo—l

Y4

Each of the logarithms of these functions is in L'(u“) by a general
inequality in ref. 1:

J

which holds for arbitrary probability measures u; (i=1,2) such that
4, <1, on a measurable space. Moreover, the above inequality together
with A(u¢, 1>y, ') < co implies

du,
1
og i

dpey < hlpeys o) + [2h(0y, 12) 117 (2.15)

2

C,:=max{sup E* [logy 4|, E* |log WI} <o

Ae./

Now by Lemma 2.6, for each ¢ >0 we can find a V,e .« such that
E” |logy,—logy|<e forall AoV,

and hence it holds that

1 .
Tl Y. E¥ [logy,_—log ]
ked

2C, .
<é+-— [{keA; A —k does not contain V,} | > ¢

|

as A1 Z“. Consequently,

.1
tim o X B llog g, ~log y1 =0

(=%
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Combining this with the mean ergodic theorem, we have

1
] X et log v, _u(zen — BT clog 1.7
ked
in L'(u) as ATZ¢ where .4 is the shift-invariant o-field. Therefore the
proof of the second assertion of Theorem 1 is completed by Lemma 2.4. |

Proof of Corollary 2. Denote by % the Borel o-field of E. Let 7 be
the tail o-field on E. It is known [see Theorem (14.10) in ref 5] that we
can construct a version 1 of the conditional distribution given .# satisfying
the following:

1. For all weE, A“(-)e 4,(E)
2. Forall Ae#, wr> A”(A) is F N T -measurable.
3. Forall ue #y(F)and Ae F

A(A)y=u(A | I )w) [-a.a. @

Define ¢*: E— [0, o0] by o*(w)=a(A?). It follows from (2.10) and
condition 2 of the above proof that ¢* is .# N J -measurable. The required
identity o(u) = E*[¢*] is now proved by an almost similar argument to
that in the proof of Theorem (15.20) in ref. 5. ||

3. QUASI-INVARIANCE OF NONEQUILIBRIUM MEASURES

I'-quasi-invariance introduced in Section 1 comes from the dynamics
of the spin-flip process. This property, however also has been discussed in
equilibrium statistical mechanics''”; a Gibbs measure ue.#(E) for the
local specification {p"} is characterized as a I'-quasi-invariant measure
such that

doye) oy P en)

forall keZ¢ 3.1)
du P(n) (

Before proving Corollary 3 stated in the Introduction, we give some condi-
tions equivalent to /'-quasi-invariance.

Lemma 3.1. For given i e #(E), the following three conditions are
equivalent.
(i) u is I'-quasi-invariant.

(i) u and u-y; " are equivalent for all ke Z“.
k
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(iii) For all bounded A =Z4and all neE,,,
wnl | F4)>0 peas. (3.2)

Proof. Since every finite modification is represented as a composition
of a finite number of one-point modifications, the proof of equivalence
among above three conditions is elementary and omitted. ||

The essential idea of the proof of Corollary 3 is that any shift-invariant
measure with finite entropy production per site is I-quasi-invariant.
Indeed, take pe.#,(E) and suppose that a(u)<co. Then, by (1.13),
u<p-yy ', which also implies poyy ' <u. So 1 and poyy ! are equivalent,
and the condition (ii) of Lemma 3.1 is verified by shift invariance of u.

Proof of Corollary 3. Fix a pe .#,(E) and denote by y, the distribu-
tion of the spin-flip process at time ¢ with the initial measure u. By a shift
invariance of our dynamics [see (1.1)] g, is easily shown to be shift
invariant. The Markov property and the definition (1.11) of o 4(-) together
yield '

d
Eh/i(ﬂn V)= —o4(u,) (3.3)
or
hyat, v) — by v) = fo' 0 4ty ds (34)

for all >0 and bounded A < Z“ Here it should be noted that o (u,) is
finite for all > 0. In fact, if we assume that u,([#])=0 for some ne £,

then
“ Cr d,u,—f Cp a’,u,}
[7*] [#]

and these two relations imply that u,([#*]) =0 for all k € 4. With the help
of Lemma 2.2, we have o ,(u,) < .
By Lemma-+2.4 the identity (3.4) can be rewritten in the form

d
0=E#,([77])= >

ked

gt V) — b (it V) =j0' & ((i5) ds +o(|4]) (35)

Here, it is easy to observe from Lemma 2.1 that the left-hand side is
dominated by C, |4]. We now take A=A, (n=1, 2,...), where

Apy={ky k) eZh 1 <k, <2 i=1,..,d}
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Using Lemma 2.5 and the shift invariance of x, one can see without dif-
ficulty that |4,| ' &,,(u) is nondecreasing in n. So letting A =4, in (3.5)
and then dividing both sides of (3.5) by |4,,{, we see from Lemma 2.5 and
the monotone convergence theorem that

j' o) ds<C <00, 1>0 (3.6)
0

We conclude that a(u,) < oo for a.a. 1 > 0. This together with the observa-
tion given before this proof implies that g, is I-quasi-invariant for a.a.
t >0, namely the assertion (i) of Corollary 3.

The second assertion is similary proved by only noting

L’ o(p,)ds=t-¢o (% L’ I ds>

which is an immediate consequence of Corollary 2. |}

We finally explain how the entropy production per site describe the
‘distance’ between a given measure and equilibrium. Take a u e . #,)(E). As
was shown after the proof of Lemma 3.1, o(y) =0 whenever u is not
I'-quasi-invariant. Next consider the case when u is I'-quasi-invariant. Put

/Tl

Us=1lo —————
° s dpfoy5 ")

Then by Theorem 1 we have o(u) = E*[cUy], and by using (1.5) one can
verify

M) () P00 gy (3.7)

du p°(n)

Comparing (3.7) with (3.1), we can regard the term U, as something like
a perturbation from the equilibrium, and o(x) is thought of as a measure
of this part.

Remark. Recently, Dai Pra'®’ studied a functional I(-) on .#,(E)
which is obtained as the rate function of the ‘space-time’ large deviations
for a (nonreversible) spin-flip process. It was shown there that the func-
tional vanishes exactly on the set of stationary measures of the process. It
would be of interest to find an identification of I(-) to express the difference
between J(-) and o(-)} in an explicit way. A very formal argument
using the results in ref. 2 yields a conjecture that I(u) is equal, up to
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some multiplicative constant, to the right side of (1.13) with % replaced
by the square of the so-called Hellinger distance. But so far we have not
succeeded in proving the conjecture.
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